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Abstract 

Let M be a closed manifold. Wodzicki shows that, in the stable range, 
the cyclic cohomology of the associative algebra of pseudodifferential sym- 
bols of order < is isomorphic to the homology of the cosphere bundle of 
M. In this article we develop a formalism which allows to calculate that, 
under this isomorphism, the Radul cocycle corresponds to the Poincare 
dual of the Todd class. As an immediate corollary we obtain a purely 
algebraic proof of the Atiyah-Singer index theorem for elliptic pseudodif- 
ferential operators on closed manifolds. 
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1 Introduction 

Let M be a closed, not necessarily orientable, smooth manifold and denote by 
CL(M) the algebra of classical, one-step polyhomogeneous pseudodifferential 
operators on M. The space of smoothing operators L _00 (M) is a two-sided ideal 
in CL(M), and we call the quotient CS(Af) = CL(M)/L-°°(M) the algebra of 
formal symbols on M. The multiplication on CS(M) is the usual ^-product of 
symbols. One thus gets an extension of associative algebras 

-> L -0 °(M) -> CL(M) -> CS(M) -> . (1) 

An "abstract index problem" then amounts to the computation of the corre- 
sponding excision map HP*(L~°°(M)) -t HP m+1 (CS(M)) in periodic cyclic 
cohomology [5]. In even degree, HP°(L~° C (M)) = C is generated by the usual 
trace of smoothing operators, whereas in odd degree HP l (L~°°(M)) = 0. Us- 
ing zeta- function renormalization, one shows (see for instance [10]) that the 
image of the trace under the excision map is represented by the following cyclic 
one-cocycle over CS(M), 

c(a ,ai) = Sa [logq,ai] (2) 

for any two formal symbols ao,a\ € CS(M). Here the bar integral denotes 
the Wodzicki residue [12], which is a trace on CS(M), and logq is a log- 
polyhomogeneous symbol associated to a fixed positive elliptic symbol q G 
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CS(M) of order one. Notice that the bilinear functional c was originally in- 
troduced by Radul in the context of Lie algebra cohomology [IT] . A direct 
computation shows that c is in fact a cyclic one-cocycle over CS(M), and that 
its cyclic cohomology class does not depend on the choice of q. Hence the class 
[c] 6 HP 1 (CS(M)) is completely canonical, in the sense that it only depends 
on M. On the other hand the cyclic cohomology of CS(M) is known [T3], and 
corresponds to the ordinary homology (with complex coefficients) of a certain 
manifold. A natural question therefore is to identify the class [c] . In the present 
paper we give the answer for its image in the periodic cyclic cohomology of the 
subalgebra CS°(M) C CS(M), the formal symbols of order < 0. The result is 
stated as follows. The leading symbol map gives rise to an algebra homomor- 
phism A : GS°(M) -» C°°(S*M), where S*M is the cosphere bundle of M. This 
allows to pullback any homology class of S*M to the periodic cyclic cohomology 
of the symbol algebra: 

A* : H.(S*M, C) -> HP'(CS°(M)) . (3) 

Wodzicki shows that A* is an isomorphism, provided that the natural locally 
convex topology of CS°(M) is taken into account [13] ■ Our main result is the 
following theorem (|6.8I) , which holds in the algebraic setting or the locally convex 
setting regardless to Wodzicki's isomorphism. 

Theorem 1.1 Let M be a closed manifold. The periodic cyclic cohomology 
class of [c] e HP 1 (CS°(M)) is 

[c] = \*([S*M] n 7r*Td(TcM)) , (4) 

where Td(Tc-M) € H m (M,C) is the Todd class of the complexified tangent bun- 
dle, and 7r : S*M — > M is the cosphere bundle endowed with its canonical 
orientation and fundamental class [S*M] € H m (S* M). 

We give a purely algebraic proof of this theorem. The central idea is to intro- 
duce the Z 2 -graded algebra CL(M, E) of pseudodifferential operators acting on 
differential forms, that is, on the sections of the exterior bundle E = AT*M, 
and view the corresponding algebra of formal symbols CS(M, E) as a bimodulc 
over itself. Using this bimodule structure we develop a formalism of abstract 
Dirac operators. This leads to the construction of cyclic cocycles for the subal- 
gebra CS°(M) C CS(M,£). These cocycles are given by algebraic analogues of 
the JLO formula [6], and are all cohomologous in FP*(CS°(M)). By choosing 
genuine Dirac operators we obtain both sides of equality (QJ. Let us mention 
that the JLO formula in the right-hand-side provides a representative of the 
Todd class as a closed differential form over M 

Td(ii?/2 7 r) = det (-^y) (5) 

where R is the curvature two-form of an affine torsion-free connection on M. 
Hence our method gives an "explicit formula" for the class [c] . In the same way, 
we also prove that the cyclic cohomology class of the Wodzicki residue vanishes 
in HP°(CS°(M)). 
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As an immediate corollary of Theorem 1 1.1 1 we obtain the Atiyah-Singer index 
formula for elliptic pseudodifferential operators 1 . If Q is an elliptic operator 
acting on the sections of a (trivially graded) vector bundle over M, its lead- 
ing symbol is an invertible matrix g with entries in the commutative algebra 
C°°(S*M), hence it defines a class in the algebraic if-theory K 1 (C°°(S*M)). 
Its Chern character in H'(S*M, C) is represented by the closed differential form 
of odd degree 



Corollary 1.2 (Index theorem) Let Q be an elliptic pseudodifferential oper- 
ator of order < acting on the sections of a trivially graded vector bundle over 
M, with leading symbol class [g] € Ki(C°°(S*M)). Then the Fredholm index of 
Q is the integer 

Ind(Q) = ([S*M],TT*Td(T c M) U ch([g})) . (7) 

This is a direct consequence of the fact that the class [c] € HP 1 (CS°(M)) of 
the residue cocycle is the image of the operator trace Tr : L~°°(Af ) — > C under 
the excision map of the fundamental extension 

-> L-°°(M) -> CL°(M) -> CS°(M) -> . (8) 

In fact Q and the index formula are equivalent. Hence our method gives a new 
algebraic proof of the index theorem. This should however not be confused with 
what is usually called an algebraic index theorem ([8]). The latter calculates the 
cyclic cohomology class of the canonical trace on a (formal) deformation quanti- 
zation of the algebra of smooth functions on a symplectic manifold, and relates 
it to the Todd class. In the special case of the symplectic manifold T*M, one 
may take the algebra of smoothing operators L~°°(M) as a deformation quanti- 
zation of the commutative algebra of functions over T*M and obtain in this way 
the usual index theorem. This is not what we are doing here. In fact our ap- 
proach is in some sense opposite, because instead of working with the operator 
ideal L _00 (M) C CL°(M) we directly deal with the quotient algebra of formal 
symbols CS (M). As a consequence, we drop the delicate analytic issues inher- 
ent to the highly non-local algebra L~°°(M) and its operator trace, and entirely 
transfer the index problem on the algebra CS°(Af) endowed with the residue 
cocycle ([2]). The computation is purely local because only a finite number of 
terms in the asymptotic expansion of symbols contribute to the index, which 
relates our approach to the Connes-Moscovici residue index formula [3]. For 
this reason our formalism is well-adapted (and in fact motivated by) the study 
of more general index problems appearing in non-commutative geometry [3], 
for which a genuine extension of algebras and the corresponding residue cocycle 
are available. This includes higher equi variant index theorems for non-isometric 
actions of non-compact groups, higher index theorems on Lie groupoids, and so 
on. These ideas will be developped elsewhere. 

Here is a brief description of the paper. In section [2] we recall basic things 
about pseudodifferential operators. In section [3] we look at CS(M,E) as a 
bimodule over itself and introduce the relevant spaces of operators acting on 
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it. In section 0] a canonical trace is defined by means of the Wodzicki residue. 
Section [5] introduces generalized Dirac operators acting on CS(M, E). Theorem 
II. H is proved in section [5] by means of the algebraic JLO formula, and the index 
theorem is deduced in section [7] 

All manifolds are supposed to be Hausdorff, paracompact, smooth and without 
boundary. 

2 Pseudodifferential operators 

Let M be a n-dimensional manifold. We denote by C°°(M) (resp. C£°(M)) the 
space of smooth complex- valued (resp. compactly supported) functions over M. 
A linear map A : C^°(M) —> C°°(M) is a pseudodifferential operator of order 
m € M if for every coordinate chart (x 1 , . . . ,x n ) over an open subset U C M, 
there exists a smooth function a € C°°{U x R n ) such that 

(A-f)(x) = -±-f j*-^a(x,p)f(y)dydp (9) 

for any / g C%°(U). We use the notation i = For any multi- indices 

a = (ai, . . . , a n ) and j3 = (j3±, . . . , f3 n ), the symbol a has to satisfy the estimate 

\d^a(x,p)\<C a Ml + \\p\\) m - m (10) 

for some constant C a ,p, where |/3| = fix + ... + /3 n , d x = and d p = ^ 
are the partial derivatives with respect to the variables x = (a; , . . . , x n ) and 
p = (px, . . . ,p n ), and is the euclidian norm of p e M™. Note that (x,p) is 
the canonical coordinate system on the cotangent bundle T*U = [/ x K. ra . In ad- 
dition, A is a classical (one-step polyhomogeneous) pseudodifferential operator 
of order m if its symbol in any coordinate chart has an asymptotic expansion 
as ||p|| — > oo of the form 

oo 

a(x,p) ~ ^2a m -j(x,p) (11) 

3=0 

where the functions a m _j g C°°(U x R") are homogeneous of degree m — j with 
respect to the variable p. For any to € R, we denote by CL m (M) the space 
of all classical pseudodifferential operators of order < m. One has CL m (M) C 
CL m (M) whenever m < to'. Define as usual the space of all classical pseudod- 
ifferential operators and the space of smoothing operators, respectively 

CL(M) = (J CL ro (M) , L-°° = p| CL m (M) . (12) 

Two operators in CL(M) are equal modulo smoothing operators if and only if 
their asymptotic expansions (ITT1) agree in all coordinate charts. The space of 
formal classical symbols CS(M) is defined via the exact sequence 

0^L-~(M)->CL(M)-»CS(Jlf)->0 (13) 

Thus, a formal symbol of order m corresponds to a formal series as the right- 
hand-side of (|lll) in any local chart, which fulfills complicated gluing formulas 
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under coordinate-change. CS(M) is of course the union, for all m € R, of the 
subspaces CS m (M) of formal symbols of order < m. Recall that CS m (M) is 
complete, in the sense that any formal series of homogeneous functions a m _j is 
the formal symbol of some pseudodifferential operator. We denote by PS(M) C 
CS(Af) the subalgebra of formal symbols which are polynomial with respect to 
the variable p in any chart. PS(M) is isomorphic to the space of differential 
operators on M. 

The composition of pseudodifferential operators is not always defined, unless 
these operators are properly supported. This happens in particluar when M 
is compact. In that case, CL(M) becomes a filtered associative algebra, i.e. 
CL m (M) ■ CL m '(M) C CL m+m '(M), and L,-°°(M) is a two-sided ideal. Hence 
([T5]) is actually an exact sequence of associative algebras. The product of two 
formal symbols a, b £ CS(M) in a local chart is the ^-product 

(ab)(x,p) = J2 K —± r d«a(x,p)d%b{x,p) (14) 
l«|=o ' 

where the sum runs over all multi-indices a — (a.\, . . . , a n ), and a! = ai! . . . a n \. 
Notice that, in contrast with CL(M), the product in CS(M) is defined without 
any condition on the support (compact or not) of the symbols. 

If E is a (possibly Z2-graded) complex vector bundle over M, the algebra of 
classical pseudodifferential operators CL(M,E) acting on the smooth sections 
of E is defined analogously. The only difference is that over a local chart which 
also trivialises E, the symbol becomes a function of (x,p) with values in the 
matrix algebra Mfc(C) where k is the rank of E. One has the exact sequence 

lT°°{M, E) -> CL(M, E) -> CS(M, E) -> . (15) 

PS(M,E) C CS(M, -B) denotes the algebra of polynomial symbols with respect 
to p. It is isomorphic to the algebra of differential operators acting on the 
smooth sections of E. In the sequel we will essentially focus on the Z2-graded 
bundle E = AT^M, the exterior algebra of the complexified cotangent bundle 
of M. The smooth sections of E are the complex differential forms over M. 
Consider the (real) vector bundle TM ®T*M endowed with its canonical inner 
product. Then E is a spinor representation of the complexified Clifford algebra 
bundle C(TM © T*M). In other words, the endomorphism bundle End(E') is 
canonically isomorphic to C(TM ©T* M). We use this identification in order to 
find a set of generators for the algebra PS(M, E) in a local coordinate system 
(x 1 , . . . , x n ) over an open U C M. For each i we view x % as the multiplication 
operator of a differential form by the function x 1 , and ipi as the Lie derivative of 
a differential form with respect to the vector field -J~. For all indices i,j they 
fulfill the usual Canonical Commutation Relations 

[x i ,x*)=0, [x i ,p j ]=iS i j , \pi, Pj } = (16) 

(i = \J — 1), and generate the even part of the algebra of differential operators 
PS(/7, E). The odd generators are defined by the operators 

^ ^=4(^0, (17) 
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where \x is exterior multiplication by a differential form (on the left) and i is 
interior multiplication by a vector field (on the left). These are odd sections 
of the endomorphism bundle End(E') over U, and their graded commutators 
(hence anticommutators) fulfill the Clifford relations (Canonical Anticommuta- 
tion Relations) 

W,r}=0, [p,$ j ] = S i j , $i,$j]=0 (18) 

while the commutators between x,p on one hand and ip, ip on the other hand all 
vanish. The odd operators ip, "0 generate a basis of sections for End(_E) over U . 
Hence a differential operator a G PS(M, E) is represented over U as a function 
a(x,p, ip, ip) which depends polynomially on the even variable p. Since the odd 
variables generate a finite-dimensional algebra, a is also a polynomial with re- 
spect to ip, 0. In the same way, any symbol a G CS(M, E) of order m is locally 
represented as a formal series, over j G N, of functions a m -j(x,p,ip,ip) which 
are homogeneous of degree m — j with respect to p and polynomial with respect 
to the odd variables ip, 0. 

Let us end this paragraph with the effect of a coordinate change (or local diffeo- 
morphism) 7 on the generators (x,p,ip,ip) of CS(U,E). If one puts j(x z ) = y l 
for all i, then 

7 (0 l ) = nW) = n(^j dx>) = |^0^ (19) 

where we use Einstein's convention of summation over repeated indices. In the 
same way 

7(^) = ^) = <^^)=^0 J .. (20) 

Finally, the identification of ipi with the Lie derivative i{d x i) o d + d o i(d x i) = 
0i o d + do ipi yields 

— — dx^ f Qx^ \ — 

7(Pi) = -i(7(0O d + d o 7 (0> 4 )) = —p^-id^—JiPj . 

Since the exterior derivative is d = ip k d x k, and ip k commutes with functions of 
x, one has 

3 The bimodule of formal symbols 

Let M be an n-dimcnsional manifold and consider the Z2-graded algebra of 
formal symbols CS(M,E) with E = AT£M. We view CS(M,E) as a left 
CS(M, _E)-module and right PS(M, _E)-module: the left action of a formal sym- 
bol a G CS(M, E) and the right action of a polynomial symbol b G PS(M, E) 
on a vector £ G CS(M, £) read 

a L -^ = <, 6 fl -€ = ±$6, (22) 

where the sign ± depends on the respective parities of b and £: it is — if 
both b and £ are odd, + otherwise. The left action of a induces a representa- 
tion of CS(M, -E) in the algebra of linear endomorphisms End(CS(M, E)). The 
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right action of b induces a representation of the opposite algebra PS (M,E)° P 
in End(GS(M, E)). The left and right actions commute in the graded sense, 
whence an algebra homomorphism from the (graded) tensor product CS(M, E)® 
PS(M, E) op to End(CS(M, E)). This homomorphism is not injective. Its range 
defines a Z 2 -graded algebra 

_§f(M) = Im (CS(M, E) ® PS(M, £) op -> End(CS(M, £))) . (23) 

Thus Jzf(M) is linearly generated by products a^b^ with a £ CS(M,E) and 
6 £ PS(M, E 1 ). Let (a; 1 , . . . , x n ) be a local coordinate system over an open 
subset U C M. The function a; 1 is a symbol (of order zero) in PS(t/, E), so that 
x\ and elements of J?(U). Moreover for any £ G CS(£/, i?) one has 

(4-4)-£ = M = #, (24) 

whence a;^ — = ig^r- In the same way the conjugate coordinate pi is a symbol 
(of order one) in PS(C7, E), so and are elements of «£?(£/), and for any 

far. - Put) •t = M = -i^, (25) 

whence pn — p«,r = ~igfr- The situation is analogous for the odd coordinates 
and 'tpi, and one finds that tp z L — ip R is the partial derivative with respect to 
t/>t, while ^iL—^iR is the partial derivative with respect to V? 4 . If 6 e PS fc (M, £?) 
is a differential operator of order k £ N, we can write, locally over U 

k k n n 

b{x, P ,i>,j>) = e *>«(x,ii>,<$)p a = E Ew^/f^, 

|a|=0 |q|=0 |r;|=0 |0|=O 

where b a ^fi are functions of the only variable x, and a,rj,9 are multi-indices. 
Using formula for the star-product, one finds 

oo (_-\\/3\ 

(b a ,r,,e)R • e = E • 9 ^ 

1/31=0 P ' 

for any £ G CS(M, E). Since left and right actions commute, the operator bu 
reads 

k OO 71 71 / . \ | ^ 

b * = E E E Eir ( *"' , ' s)l(f * 9),iP?9 ' 

|e»|=O|/8|=O|ij|=O|0|=O 

Using the identity = pl + id x , one concludes that a generic element ajJjR £ 
J£(M) can be expressed, locally over a subset U C M, as a series 

k oo n n 

a ^« = E E E E( s «./w^V)*^, (26) 

|a|=0 |0|=O M=0 |fl|=0 

for some coefficients s a ^ t , h g £ CS(U,E) and finite k £ N. Notice however that 
the converse is not true: a series (|26[) with arbitrary coefficients s a ,/3,77,0 does 
not necessarily come from an element of Jzf(-M). 
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Now let S^(M) — Jz? (M)[[e]] be the Z2-graded algebra of formal power series 
in the indeterminate e, with coefficients in Jzf(Af). The generator e has trivial 
grading. An element of ,5^(M) is therefore an infinite sum s = X^fclo Sk£k wnere 
each coefficient Sk is given by a series of the form ([25)1 in any local chart. We can 
view S^{M) as an algebra of linear operators acting on the space of formal series 
CS(M,E)[[e}}. This algebra is filtered by the subalgebras .Y k {M) = S fi {M)e k , 
Mk e N. For each m e R, we define a subspace S) m {M) C Sf{M) as follows. An 
element s = J2 s k s k is in < 3 m (M) if and only if in any local chart over U C M, 

k oo n n 

sk = E E E E( s M,to^(^^)« 9 " 3 P ( 27 ) 

|a|=0 |/3|=0 |jj|=0 |0|=O 

where sf^^g & CS(U,E) is a symbol of order < m + (k + |/9| - 3|a|)/2. 
Moreover we set @g{M) = @ m {M)C\y k (M) for all fc e N. Hence the subscript 
A: counts the minimal power of e appearing in a formal series. Observe that 
in local coordinates, the partial derivative d x always appears with at least one 
power of e. Here are some examples: f <G S$(M), CS m (M,E) L C @™(M), e e 
^~ 1/2 (Af), e 9&U), d p e ^ 1/2 (?7), and ec^ e @1 /2 (U). One obviously 
has ^ m (M) C @ m '(M) whenever m < m', and we set 9{M) = \J meM @ m (M). 
The following lemma shows that @(M) is a subalgebra of 5?(M). 

Lemma 3.1 The inclusion ^(M)^'(M) C S^ 1 ' {M) holds in all degrees 
m, ml £ R and k, k' €E N. Hence £1(M) is a unital, ^-graded, bi-filtered algebra. 

Proof: Since ^ and •tpR play no role in the filtration degrees, it suffices to show 
that, in a local coordinate system over U , the composition so s' of two operators 

oo k oo 

s = E E E e k K«,i>)L%% g ® m (u) , 

k=0 \a\=0 \/3\=0 
oo k oo 

s ' = E E E £fe '( s w'M*'af e^ m '(c/) 

fe'=0 | Q '|=0 |/9' 1=0 

is in @ m + m (Jjy Note that the commutator [9 p , ] on a symbol decreases the 
order by one, whereas the commutator [d x , ] leaves the order unaffected. Hence 
we can write the composition d x d^ o (s™ a ' B')l as a sum 

H |/3| 
| 7 |=0|<5|=0 

where C'a"'^ 7 5 is a symbol of order < m' - + |<5| + (fc' + \(3'\ - 3|a'|)/2. 
Then 

E E E E E^ +fc 'feXi^^)^r Q '^' 

fe,fe',|/3|,|/3'|>0 |a|=0 |o:' |=0 | 7 |=0 |<5|=0 

The symbol s™ Q 7 s has order < m+ m' - 1 /3| + 1 5\ + \ (k+ k' + 1 /3| + 1 & \ - 

3|a|-3|a'|) = m + m'+ \(k + k' + \6 + f3'\ - 3| 7 + a'|) - |(|a| - - UW\ ~ \ S D- 
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For fixed indices k, k' , a', (3' , 7, S this order is a strictly decreasing function of \a\ 
and \f3\. Moreover — |7|) > and — \S\) > 0. Hence by completeness 
of the space of symbols, the series 



k 00 

..m+m' _ m .m',a,/9 

u k,k',a',l3',- 1 ,S — Z_^/ A^i b k,a,/3 i k',a',l3',f,S 



|ot| = M |/3|=0 

converges to a symbol of order < m + m' + ^(fc + k' + \S + /3'| — 3|7 + a'\). It 
follows that 

k' k oo |/3| 

sos '= E E E EE^^y^^^'r' 

fc,fc'>0 |a'|=0 It |=0 |,3|=0 |i5|=0 

is indeed an element of gi m + m ' ({/). This shows the inclusion S> m {M)^ m ' (M) C 
^ m+m '(M). Furthermore y k {M)y k ,{M) C ^ fc+fc /(M) is obvious, one con- 
cludes that 9g{M)9$ (M) C ^t™' ( M )- ■ 

1 /2 

Definition 3.2 An operator A G \M) of even parity is called a generalized 
Laplacian if in any coordinate system over an open set U C M it reads 

(summation over repeated indices). 

Lemma 3.3 A generalized Laplacian exists over any manifold M . 

Proof: It is actually a consequence of the existence of Dirac operators (section 
[5]) but we can give a direct proof by looking at the behaviour of the canonical 
"flat" Laplacian ie^r^- under a coordinate change x % = y % over U. 

One has -Jf~ = \(p iL - p iR ) hence 



*dx % 

Recall that j( Pi ) = ^ rPj - i-^&st t/i*^. The operators and 

(siw V^Oh belon s to 80 that 



9y' 

<'^) s -(f«) i + <^) B '™ d ^< t/ >- 

Then we use the expansion 



U |/3 1 =0 ' y 

Since epij € 2>l(U) and <9 P G (f7), the terms in the right-hand side belong 

1/2 

to (?7) whenever |/3| > 1. Thus we only retain the principal term \ j3\ = 0: 
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We proceed in the same way with = — ix l L + ix l R : 
We use the expansion 

|/3|=0 

Since <E '^ 2 (?7), we only retain the principal terms \/3\ — 1 in the follow- 
ing sum: 

Finally we can write 

This shows that the operator ie^r^- is invariant modulo @>®(U) under coordi- 
nate change. Now let (c/) be a partition of unity associated to an atlas (Ui,xi) 
on M. Denoting by A/ the canonical flat Laplacian in local coordinates Xi, the 
sum 

A = ]r( C/ ) L A 7 

I 

globally defines a generalized Laplacian on M. m 

Observe that a generalized Laplacian A carries at least one power of e, hence 
any formal power series of A is a well-defined element of 5?{M). For example, 
for any parameter teR the exponential 



exp(iAH]r-A fe (29) 
fe=o K - 



is an invertible element of S"(M), with inverse exp(— tA). However, these ele- 
ments do not belong to 3>{M). We define an automorphism a A of the algebra 
y{M) as follows: 

a A (s) = cxp(tA) s exp(-tA) Vs e S"(M) . (30) 

Clearly a A o a A — cr^* so the map t h-» a A defines a one-parameter group of 
automorphisms. 

Lemma 3.4 For any generalized Laplacian A, the automorphism group a A pre- 
serves the subalgebra &{M). More precisely one has [A, $™{M)] C $i™ +l {M) 
and o- A {£>™{M)) = ®£{M) for all m e WL, k e N and t e R. 
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Proof: In local coordinates A = ie^r^-+ r with r G Hence for any s € 
[A, s] = ie(d x s d p + d p s d x + d x d p s) + [r, s] . 

One has ed x sd p G S^ 1 , ed p sd x G 3>]? +1 , ed x d p s G 2>™+i /2 , rs G 3>]? +1 and 
sr G <2)l\ Y . Hence [A,9™(M)\ c ^^(M) as claimed. 

Next we show exp(tA)^(M) exp(-iA) C 3>J? l (M) for all m, fe. Replacing f by 
— t then gives the inverse inclusion. For s G @™(M) consider the identity 

exp(tA) s exp(-iA) = ^ - 

1=0 

where denotes the i-th power of the derivation [A, ] on s. By induction 
one has G 3>™ +l (M) for any / > so that the infinite sum over I gives a 
well-defined element of £F™(M). ■ 



Lemma 3.5 Lei A + s be a perturbation of a generalized Laplacian A, with 
s G @i(M). Then the Duhamel formula holds in S^(M): 



00 , 

exp(A + s) = YJ I ex P(^oA) s exp(ii A) s . . .s exp(ifcA) dt 



(31) 



where A& = {(to, . . . ,tk)\ X)i=o ^* = ■'■} * s ^ e standard k-simplex and dt = 
dto . . . dtk-i ■ 

Proof: Since the exponential of a generalized Laplacian is defined by its for- 
mal power series, the identity (j3Tj) which holds at a formal level makes sense 
in .y(M). Indeed s G 2>® carries at least one power of e, so that the product 
exp(ioA)s exp(ii A)s . . . s exp(ife A) is in J^(Af), and its expansion in powers 
of e has polynomial coefficients with respect to (to, . . . , Hence the integral 
over the simplex A/, gives a well-defined element of ^(M), and the infinite 
sum over k converges in S?(M). u 

Notice that the Duhamel formula can be rewritten by means of the automor- 
phism group a a as follows: 

00 „ 

exp(A + s)=J2 *t (*y£ +tl (*) • ■ • at + - +t ^ (s) exp(A) dt (32) 
k _ Q JA k 

Fix a generalized Laplacian A and consider the following vector subspace of 

&(M) = ^(M)expA (33) 



Proposition 3.6 &(M) is a %>(M)-bimodule and does not depend on the choice 
of generalized Laplacian. We call £?(M) the bimodule of trace-class operators. 

Proof: £?(M) is clearly a left ^(M)-module. Moreover by Lemma 13.41 one 
has^(Af)exp(A)^(M) = 3>(M)a\(3>(M)) exp A = @(M) exp A hence 2?{M) 
is a right ^(M)-module. Further on, if A and A' are two Laplacians, then 
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A' = A + s with s G @i(M). We know that ct^(s) e ^(M) for any t e M, so 
the series 

S = E / ^(*)^ +tl (*)-.. ^ + - +t *- 1 (*)dt 

fc=0 JA * 

converges in @°(M). Hence expA' = S'expA by the Duhamel formula. In 
the same way expA = S'expA'. Therefore ^(M)expA' = ^(Af)expA, and 
5?{M) does not depend on the choice of generalized Laplacian. ■ 

ST^M) is not a subalgebra of 5f{M). For example the product exp(A) exp(A) = 
exp(2A) does not belong to the space of trace-class operators. 



4 Canonical trace 

Let M be a closed manifold. The Wodzicki residue ([H]) is a canonical trace 
on the algebra of classical pseudodifferential operators CL(M). It is in fact the 
unique trace (up to a numerical factor) on CL(M) when the manifold has di- 
mension n > 1. The Wodzicki residue vanishes on CL m (M) whenever m < —n, 
hence vanishes on the ideal of smoothing operators L~°°(M), so that it is really 
a trace on the algebra of formal symbols CS(M). Wodzicki gives a concrete 
formula for the residue of a symbol a <G CS m (M) in terms of its expansion 
a(x,p) = J2j a m-j(x,p) in a local system of canonical coordinates over an open 
subset U C M. Let u> = dpi A dx % be the symplectic two-form on the cotangent 
bundle T*U C T*M (summation over repeated indices). Then T*U is canoni- 
cally oriented by the volume form u n /nl = dpiAdx 1 . . . dp n Adx n . The cosphere 
bundle S*U inherits this orientation. The Wodzicki residue of a symbol a(x,p) 
with compact re-support over U is the integral of a (2n — l)-form 

1 f f ui n \ 

-y^ i( L).(a_„(^)-), (34) 



(2tt) i; 

where a_„ is the degree — n component of the symbol and L = Pi-jf-r is the 
fundamental vector field on T*U . We can write 



M ■ -r = (i(L) ■ u) A — = j — 

n! [n — 1)! [n — 1)! 

where rj — pidx 1 is the canonical one-form on T*U. It is non-trivial to check that 
the Wodzicki residue is a trace and does not depend on the choice of coordinate 
system. Hence such expressions can be patched together using a partition of 
unity, allowing to define the residue of a symbol a with arbitrary support. If 
E is a (Z 2 -graded) complex vector bundle over M, one defines analogously the 
Wodzicki residue as a (graded) trace on the algebra CS(M, E): at each point 
(x,p) the symbol a^ n {x,p) is now a endomorphism acting on the fibre E x , so 
(fM)) has to be modified according to 
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(2tt)" 



i 

s*u 



(£)• (tr,(a_ n (x,p)) ^) , (35) 



where tr s is the (graded) trace of endomorphisms. We focus on E = ATJSM. In 
a local coordinate system over U we know that a basis of sections of End(-E) is 
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provided by all products of ip l or ipj, i,j = 1, . . . ,n among themselves, taking 
the Clifford relations (fT8"|) into account. A symbol a £ CS(U, E) may thus be de- 
composed into a finite sum over multi-indices r\ — . . . , rj n ), 9 — (61, . . . , 9 n ), 

a{x,p^,i,) = Y,^' 6 {x,p)^ e , (36) 
n,e 

where the coefficients a n ' e are functions of x and p only. It is easy to see that 
the graded trace of endomorphisms, which acts on polynomials i/^i/r , vanishes 
whenever (|ry|, \9\) ^ (n,n) and is normalized as follows on the polynomial of 
highest weight: 

tr fl (^ 1 ...V>n...^i) = (-l) n ■ (37) 

An equivalent normalization is tr s (II) = 1 where II = ipiip . . . Vvi?/'™ is the pro- 
jection operator from the space of differential forms f2*(f7) to the subspace of 
scalar functions Q°(U). 

In section [3] we introduced the algebra 5^(M) acting on the space of formal 
power series CS(M,-E)[[e]], its subalgebra 9[M) C S"(M), and the 9{M)- 
bimodule of trace-class operators 3T(M) C ^(M). By means of the Wodz- 
icki residue, our goal now is to construct a graded trace on &(M), that is, 
a linear map 3"{M) — > C vanishing on the subspace of graded commutators 
[@{M), &{M)\. We start by doing this locally on an open subset U C M. 
Choose a coordinate system (x,p) over U and fix the canonical "flat" Laplacian 
A = le-tp-r-S-. For all multi- indices a and B set 

ox 1 api 



(d^ exp A) = 8£d$ ■ exp (-( Pt - q^x* - y l ) 



For example one has 



(38) 

x—y 
p=q 



1 



(exp A) = 1 , (d x i exp A) = = (d P] exp A) , (d x td Pj exp A) = - 6? 

and more generally with a polynomial d"d^ the formula involves all possible 
contractions between d x and d p . In particular 

{d x S xi d Pk d Pl exp A) = Q) 2 (^j + . 

Notice that (dgd$ exp A) vanishes unless |a| = \B\. We define similarly a con- 
traction map for the polynomials in the odd variables ipRj "4>R- If {4> rt '4' 6 )R is a 
generic product with multi-indices rj, 9 set 

((V>V)*> = (-l) n tr s (r^) • (39) 

Hence from the normalization (|3"T)) holds (ip 1 . . . ip n 4> n ■ ■ ■ $1) = 1, and the con- 
traction vanishes on polynomials of lower degree. The even and odd contractions 
assemble in a linear map 

({)):^(U)^CS(U,E)[[e}} (40) 
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defined as follows. Let s = ^2^ =0 SkS k belong to 3$ m (U), so that sexpA is a 
generic element of &{U). We can write, for all components Sk € Sf(U), 

k oo n n 

s *= E E E £(«M^M^V)*a?a£ 

|a|=O|/3|=O|7j|=O|0|=O 

with s k , a ,p,ri,e € CS(C/, £) a symbol of order < m + (fc + - 3|a|)/2. Set 

oo n n 

(( Sfc ex P A))= £ £ £ £ ^^((V-V^X^^expA) . 

|a|=0|/3|=0|77|=0|e|=0 

Observe that the sum over a is finite, as is the sum over j3 because of the contrac- 
tions (9" d@ exp A) . Hence ((st exp A)) is a polynomial of degree at most k in the 
indeterminate e _1 , with coefficients in CS(f7, E). Consequently ((sk exp A))e fc is 
a polynomial in e of degree at most k, with coefficients in CS(U,E). However 
it is not at all obvious that the sum 

oo 

«sexpA» =]T(( Sfc expA)) £ fc (41) 

makes sense even in the space of formal series CS(U, E)[[e]}. The completeness 
of the space of symbols is an essential ingredient of the following lemma. 

Lemma 4.1 ((sexpA)) is a well-defined element of CS(U, E)[[e]] for any s e 
3>{U). 

Proof: Let s € & m {U). For each power I e N, we have to show that the 
coefficient of e l in the formal series 

oo k oo n n 

<( S expA))=]T £ J2 E E*fc,a,^<(^V)fl><a?^expA) e fc 

k=0 \a\=0 |/3|=0 |r,|=0 |6|=0 

is a well-defined element of CS(U, E). The contraction (d™ d@ exp A) forces 
\P\ = |ctj, hence the symbol Sk.a^.rj.o 

has order < m + fc/2 — \a\. Moreover 
(9" exp A) brings a factor sH" . It follows that for fixed I e N, the coefficient 
of e l in the above series is proportional to 

oo 

O-l = £ £ a k , a 
fe=0 |a|=fc-i 

where symbol of order < m + k/2— \a\ = m + l — k/2. Since m and I are 

fixed, the order of ak. a is a strictly decreasing function of k, hence ai converges 
inCS(U,E). m 

Let @ C (U) C 0(i7) and .%{U) C =^(t/) be the subspaces of operators with 
compact x-support on U. Any element of £? C (U) reads sexpA for some s e 
^c(^), and X(U) is a 0([/>bimodule. 



14 



Lemma 4.2 Let ((s exp A)} [n] G CS(U,E) be the coefficient of e n , n = dimM, 
in the formal series ((sexp A)). The linear map Tif : Sr c (XJ) -> C defined by 

Tif (s exp A) = j{{s exp A)> [n] , V s G C (U) , (42) 

is a graded trace on the space of compactly- supported trace-class operators viewed 
as a S> (U)-bimodule. 

Proof: In fact we will show that the map ^ C (U) — > C[[e]] dchned by 

s exp A n- j- ((s exp A)) 

is a graded trace. Selecting the coefficient of e" then yields Tr^ 7 . By linearity 
it is sufficient to check the trace property on operators s G &{U) which depend 
polynomially on e and the partial derivatives d x and d p . So let s = SkS k , 

be such an operator, for some a G CS(U, E) and multi-indices a,f3,rj,6. It is 
enough to show that 

'(((sexp A) s')) = ± /((s'sexpA)) (43) 



in the following cases: s' = &l for a symbol 6 G CS(f7, E), or s' = d x , d p , ipu, 
'iJjr. The sign must be — if s and s' are both odd, + otherwise. Since the 
contraction map involves the supertrace on the Clifford algebra generated by 
i^Ri (H3J) is obvious when s' = tpn or Then for s' — J^j one has 

(([s', sexp A])) = j- ^{(r^ e )R){d^expA)s k 

The Wodzicki residue vanishes on the derivative da/dx l , hence (l4"3")l is verified. 
The case s' = -J^- is similar. It remains to deal with the case s' — b^ for a 
symbol b. If F(d x ,d p ) is any formal power series with respect to the variables 
X = d x and P = d p , one has the identity 

oo oo 

F(d x ,d p )ob L = E -^md s P b) L did s P F{d x ,d p ) . 

| 7 |=0|<S|=0 7 ' 

Applying this to the series F(d x , d p ) = d x d^j exp A one gets 

OO OO _j 

((a L d^ex P A)b L )= J2 E -^ ((ad2d s p b) L dld s P (d^expA)) . 

| 7 |=0|5|=0 

But the contraction map vanishes on a derivative dxF(d x ,d p ) or dpF(d x ,d p ). 
This only selects the terms I7I = \8\ = 0: 

{{a L d%dP exp A)b L ) = ((ab) L d^d? exp A) = ab (8*8? exp A) . 
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Finally, the Wodzicki residue is a trace on the algebra of (compactly supported) 
symbols, hence 

S((a L d^expA)b L ) = /&o<fl£fi£expA) = f{b L a L d£d$ exp A) . 
This shows that (|4U)) is verified for s' = b^ as well. ■ 



Proposition 4.3 27ie map Tr^ does not depend on the choice of coordinate 
system (x,p) over T*U . Hence using a partition of unity relative to an open 
covering of M , such maps can be patched together, giving rise to a canonical 
graded trace 

Tr s : 3T{M) C (44) 
on the 2>(M)-bimodule of trace-class operators. 

Proof: First observe that under an affine change of coordinates x % i— > y l , pi i— > 
^rPj, the flat laplacian A = i£gfr^- is invariant, as well as Eq. (155)) . It 
follows that the contraction map ^(U) — > CS(U, E)[[e]] is equivariant under 
affine transformations. Since the Wodzicki residue is also invariant, it follows 
that the trace Tr^ is invariant under affine transformations. 
Now let 7 be any (smooth) change of coordinates. By linearity it is enough to 
show that, if t € -^(U) has support in an arbitrary small neighborhood of a 
point xq € U, then Tr^ (f) = Tr^(7(t)). After composition with an appropriate 
affine transformation, we can even suppose that 7 leaves the point xo and its 
tangent space T Xo U fixed. Then there exists a small neighborhood V of xq 
such that the restriction of 7 to the domain V is a diffeomorphism homotopic 
to identity. Hence we only need to show that the trace Tr^ 7 is invariant under 
infinitesimal transformations induced by vector fields on U . This follows from 
the fact that such transformations are given by commutators. Indeed let X = 
X% h^ Vect([/) be any smooth vector field and consider the following symbol 
L x ePS(U,E): 

L X = iX> Pj + ■ 

As an operator on the smooth sections of E (that is, the differential forms over 
U), Lx corresponds to the Lie derivative along X. One easily checks that its 
induced action on the generators of the algebra CS(U, E) reads 

dx ' J ■ 32x3 ,k7 
[L Xl x l ] = X 1 , [L x , Pi ] = - — Pj , 



dx l dx l dx k 

9X1 Ik rr 7! 9XJ 7 



which are the correct transformation laws. Further on, the induced action on 
the algebra ^(U) is given by the commutator with (L x )l + (L x )r £ ^f(U). 
Restricting this action to the subspace of trace-class operators 2F{U) shows that 
the trace Tr^ 7 vanishes on Lie derivatives. ■ 

We end this section with a useful formula in local coordinates (x,p) over 
U C M. Let R = (Rj) be an n x n matrix with entries in C[[e]]. We suppose 



16 



that R has no term of degree zero with respect to s. Hence the Todd series of 
R and its determinant are well-defined as formal power series in M„(C[[e]]) and 
C[[s]} respectively: 

" =1-Ir+-Lr 2 + ... , Td(R) = det ( -=fi— V (45) 
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We consider the operator s = PiLR)d Pj — pl • R • d p as a formal perturbation of 
the flat Laplacian A = ied x ■ d p . Note however that A + s is not a generalized 
Laplacian. Then by the Duhamel formula, 

CO „ 

exp(A+p L -i?-d p )=^ / (a t l(s)a t l +h (s)...a t ° + - +tk - 1 (s) ex P A)dt 

is a well-defined element of ,^{U). There is an explicit formula computing the 
contraction of this series with an arbitrary polynomial in the derivatives d x and 
d p : 

Lemma 4.4 For any multi-indices a and (3 holds 

(0*0? exp(A + PL ■ R ■ d p )) = Td{R) s(R,p) (46) 
where the symbol s(R,p) € CS(U, E)[[e]] is a polynomial in p: 

s(R,p) = d^d^exp • R- (x - y) + ^(p-q) ■ 1 ■ (x - yfj 



x=y 
p=q 



Proof: The operator exp(A + pl • R- d p ) exp(— A) can be expanded as a formal 
power series in R, whose coefficients depend polynomially on p^ and the partial 



derivatives d x ,d p . Thus one has 



exp(A +p L -R- dp)) = &^d§H e {R, x, y,p, q) 



x=y 
p=q 



where H £ (R, x,y,p, q) = exp( A +p-R-d p ) exp(- A) ( exp (^(p-q)-(x-y))). We 
introduce a deformation parameter t € [0, 1] and replace R by tR. The function 
H e (tR, x, y,p, q) is viewed as a formal power series in t. For t = it reduces to 

H £ {0,x,y,p,q) = exp(^(p-q) ■ (x - yfj . 

We are going to show that H e (tR, x, y,p, q) fulfills a differential equation of first 
order with respect to t. One has 

- exp(A +p ■ tR -d p ) = J2 7^p[y(P ■ R ■ d p) (n) ex P (A +p • tR ■ d p ) 

n=0 ^ ' 

where the superscript ( n ) denotes the derivation X i-> [A+p-tR - d p ,X] applied 
n times. Hence (p ■ R ■ d p )^ = [A,p • R ■ d p ] = ied x ■ R ■ d p = isRj-£^ 
Furthermore 

(p-R- d p )W = \p-tR-d p ,(p-R- d p )^} = ie(-t)"- 1 ^ -R n -d p 
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for all n > 2. Hence we can write 
d 

— exp(A+p-tR-d p ) 



/ _ I J- It lit v 

= yp-R-dp — ie ^ d x ■ - ■ d p j cxp(A + p-tR-d p ) 

= (p-R-8 p + t^A + ied x - C t2R 1 ■ d p ^ exp(A +p ■ tR ■ d p ) 

It is important to note that, by construction, the i-expansion of the differential 
operator p ■ R ■ d p + t^ 1 A + \e d x ■ e ■ d p only involves non- negative powers 
of t. Hence the function H e is a solution of the differential equation 

/ d e~ tR — 1 \ 

[ - — + p ■ R ■ d p + t _1 A + ie8 x - ■ d p j H e (tR, x, y,p, q) = 

and is uniquely specified, as a formal power series in t, by its value at t = 0. A 
routine computation shows that the Ansatz 



H £ (tR,x,y,p,q) = Td(ti?) exp {^q-tR - (x - y) + ^(p - q) ■ - _ ^_ tR ■ (x - yj] 
is this unique solution. ■ 
Let us apply this lemma in some particular cases. One has 

(exp(A+p L -R-dp)) = Td(R) (47) 
/ d , A . „ „ N \ i 



d -eM^+PL- R-d p )j = -Td(R)(p-R)i 

Observe that the right-hand-side of the second equation contains no negative 
power of £ because R brings at least one factor e. One thus gets the identity 

( + {PL ' R)t ) ° XP(A +PL-R-d P ))=0 ■ (48) 

More generally for any multi- index a — (ai, . . . , a n ): 

((ied x + PL -R) a cxp(A+p L -R-dp)) =0 . (49) 



5 Dirac operators 

Let M be an n-dimensional manifold and E — AT^M. The space of smooth 
sections of E is isomorphic to the space fi*(M) of complex differential forms 
over M. The exterior multiplication of f2*(M) on the sections of E (from the 
left) gives rise to an homomorphism of algebras 

H : fi*(M) -> PS°(M,£) . (50) 

Remark that the algebra PS°(M, E) of differential operators of order zero is iso- 
morphic to the algebra of smooth sections of the endomorphism bundle End(-E). 
The map \i is injective. In a local coordinate system (a; 1 , . . . , x n ) over U C M, 
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the image of a fc-form a — ai 1 ...i k (x)dx n A ... A dx lk is the endomorphism 
fj,(a) — a il ,,, ik (x)ip' tl ...tp lk . Also, the operation of interior multiplication by 
vector fields on the sections of E gives rise to an injective linear map 

i : Vect(M) -> PS°(M, E) . (51) 

In local coordinates the image of a vector field X = X l {x)-g~ is the endo- 
morphism l(X) = X t (x)ipi. In the sequel we consider fi*(M) and Vect(M) 
as subspaces of the algebra of differential operators PS(M,E). Finally, we in- 
troduce another subspace SPS 1 (M, E) C PS 1 (M,E) of differential operators, 
characterized by their expression in any local coordinate system over U as fol- 
lows: 

a e SPS 1 (?/,£) a(x,p) = a l {x) Pl +a){x)^ 3 i} t + b{x) (52) 

where a,, a], & € 0° (f7) are scalar functions. SPS 1 (M) is the space of differential 
operators of order one, even parity, and scalar leading symbol. This definition 
is coordinate-independent, because under a coordinate change x l i-> y l one has 
Pi >-> ffrPj — igffc ffrV'^V'jj V'* ^ ffrV'"' an d V>i i-> ^r^j- Moreover, one easily 
checks that the commutator [SPS^M, £), SPS^M, £)] is again in SPS^M,^). 
Thus SPS^M,^) is a Lie algebra. 

As before we denote Jz?(M) the subalgebra of linear operators on the vector 
space CS(M, E), generated by left multiplication by CS(M, E) and right multi- 
plication by PS(M,E). In other words _Sf(M) = CS(M, E) L PS{M, E) R . From 
the discussion above we can also form various subspaces of Jzf (M), for instance 
SPS 1 (M,E) L Ct 1 (M) R or OP (M) L Yect{M) R . The latter operators are easy to 
characterize in local coordinates: 

oo 

s e SPS 1 ^, E) L n 1 (U) R ^ s = ]T ( s aiPk + s k aij Tp j Tpk + s ai ) L ^ R d; 

|a|=0 
oo 

ren a (U) L Vect(U) R r = ^ (rj,) L ^ fl ^ (53) 

|a|=0 

for some scalar functions s^, s^y, s Q j, G f2°(C/). From these expressions it is 
clear that SPS 1 (M,E) L Q 1 (M) R C ^o( M ) and ^°(M) L Vect(M) fl c 9%{M). 
We are now ready to define Dirac operators as particular elements of $l{M). 

Definition 5.1 Suppose that V G Jzf (M) and V G Jz?(M) are odd operators on 
CS(M,E) such that, in any local coordinate system over U C M, 

V = ^+-, V = ^|- + r, (54) 

wift s G SPS^^BJifi 1 ^)^ and r G Cl° (U) L Yect(U) R n % _1 (C/). TTie sm 

L> = ieV + V G ^ 1 1 (M) + ^ " 1/2 (M) (55) 
is called a generalized Dirac operator on M . 

Hence the operator ieV is locally the sum of its leading part ieip l R -£-? G S>\{U) 
and a perturbation term ies G 2> x (U). Similarly V is locally the sum of its 
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leading part iptR-^- € ^ 1 ' 2 (U) and a perturbation 

oo 

r = E Kh^Rd* g %\U) 

l«l=2 



In fact ViR^T = i^iflOij - x i) so that v e ^°(M)z,Vect(M) fl n % L/Z (M). 

The existence of V and V as global operators on M is not a priori obvious. 
In order to understand the above definition, we first examine the behaviour of 
tpR-^j under a coordinate change x l H > j(x l ) — y\ One has 



ipi^ 1 is the symbol of the exterior derivative d on differential forms (see Example 
15. 3p . hence it is ivariant under coordinate change. This can also be checked by 

direct computation, with jfa) = ffrPj -igfr f^^j and l^) = f?V- 0nc 
thus has 

Write — i{pi^ l )n = V'jiJF 7 — vPiL^R an d use the commutation of left and right 
actions: 

<*«&) - - + + s^l^l ■ <«> 

The right-hand side reads V1?^t + s with s G SPS^E/, E) L Q}-(U) R . We can 
choose a partition of unity (cj) relative to an atlas (Ui,xi) of M and define a 
global operator V by: 



Then (I56p shows that V has the required form in any local coordinate system. 
In order to build a global operator V, we proceed analogously and examine how 
the local operator 1/^^- transforms under coordinate change. One has 

This still belongs to the subspace n°{U) L Yect(U) R H % 1/2 {U). Then use the 
expansion y R = E^|=o (d^V^L^: 

|ck|— 1 

For \a\ > 2 the terms of the series belong to ^ [ j~ 1 (C/). Keeping only the first 
term (|a| = 1) one gets 
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But = E^| =0 {9Z$) L % equals (§£) £ modulo ^ 1/2 (t/), so 

f t d \ - (dx^ dy 1 \ d-d , __i , TT . 

n^Sfc) 55 M^^W 55 ^ mod % {u) • 

Hence we have 7(^*^7) = ^iH^T + r with r G ^{U) L \ect(U) R n ^q -1 ^). 
As before we obtain a global operator V on M by gluing local pieces 4>i R -^- 
together by means of a partition of unity. This shows that generalized Dirac 
operators always exist. 

Proposition 5.2 Let D be a generalized Dirac operator on M . Then —D 2 is 
a generalized Laplacian (Definition[ 



Proof: D = ieV+V so D 2 = V 2 +k[V, V]-e 2 V 2 . Since V G Q°(M) L Vect(M) R , 

2 

one has V = (indeed f2 (M) is a commutative algebra, and vector fields 
anticommute in PS (M,E)). Then choose a local coordinate system and write 
V = + s with s G SPSiO^,. One has (^gfr) 2 = hence 

d \ 2 r ,„- 5 



Recall that ^gfr and s are odd, so the commutator is taken in the graded 
sense. Let us decompose s as a sum of generic elements aLb R , with a € SPS 1 
(even) and b G fi 1 (odd). Then ^ and 6 commute in the graded sense so 

Hence [V'r^i > s ] G SPS^fi^. Then writing s = ^ 7 a£6^, one has 

/,./ /,J /,J 

because 6 7 and 6 J are anticommuting one-forms. SPS 1 is a Lie algebra, hence 
[a'V] G SPS 1 and s 2 G SPS^. This shows that V 2 G SPS[ft| C ®\ and 

-£ 2 V 2 G^ 2 °. " _ _ 

Finally we compute the graded commutator [V, V]. Write V = ipm-^r + r with 
r G Q^VectRn^ 1 . One has [V,^_rj§-] = [^gfj^m^] + MiR^-], where 

As before decompose s as a sum of generic elements ai,b R G SPS^f^. Since 
b = J2i bi{x)ip % G VL 1 does not depend on p, 

d , r , T , 9 t { da\ d (da 



da 



[a L b Rl ip tR —] = a L [b R ,^ iR ]— + ^ iR ^—jj) R = -a L b tR — - yg—J^H^R 

One has a L 6 iJ? , G SPS^' hence a L b lR -J^- G SPS^ n ^ 1/2 . Moreover 
_(bi>i) R G fi^PS^ C ^ °. Then [teV,r] G [^l,^ 1 ] C ^° so that finally 
ie[V, V] = — ie«fr^- mod In conclusion 



£ 2 = -is A A m od (^° + ^ 2 °) = -ieA A mod ®0 
&E 8 9f>i v 1 2y 9a; 1 dpi 1 
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which shows that —D 2 is a generalized Laplacian. 



Example 5.3 Let d be the exterior derivative of differential forms over M. 
Hence d E PS(M, E) is a differential operator of order one. Its right multipli- 
cation on CS(M, E) defines an element of odd degree dji G J£(M). In a local 
coordinate system over U one has d = ipiip 1 , hence 

d 

d R = Kp^r = iipRP lR = -tPr-q-; + mLipR (58) 

with p iL ^ R G SPS 1 (U,E) L n 1 (U) R . This shows that V = -d R is a possible 
choice. Adding any V, the generalized Dirac operator D = —\ed R + V thus 
obtained will be called a de Rham-Dirac operator on M . Note that V = —dR 
is completely canonical, only the V part requires some choice. 

Proposition 5.4 Let D = — \ed R + V be a de Rham-Dirac operator on M . In 
a local coordinate system over an open set U C M , the associated generalized 
Laplacian reads 

| a I =2 



' ' >Tt\=2 



d \« 



|a|=l 

where OL % a ,b l a j G (J7) are scalar functions. 

Proof: Since d 2 = and V = one has — D 2 = ie[dR, V]. In a local coordinate 
system one can write V = 4>iR-Jpp mod fl° L Vect^ n ^q 1 - Let us calculate 

- d - d d d 

[dR,ipiRg-] =i[(p j ip : ')R,ip i R-g—] = -i[^i,p j np 3 ] R —-i^ m [(p j ^) R ,—\ . 

One has [i>i,Pjip j ] R = (pj[^i,ip J })R = PiR and 4>tR[(pj^ J )R, ^7] = -$i R ip R = 
(^ipi) R , so that 

- d d - d d d 



This gives the three principal terms in f|59[) . The other terms, which are per- 
turbations, come from the commutator of d R with Q° L Vect# n $q ■ Indeed, a 
generic element in 0° Vect^nf^ 1 can be expanded as Y^\=2{ a% a) L^iR^p > w ^ n 
a l a G 0°. One has 
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where [d R) ip iR ] = i[(pjip j ) R) ip iR ] = -i[V>i, ^sPjR = ~WiR = gfr-iPi£- More- 
over [da, dp] = {[(pjip^Rydp] = i^ R [pj R ,dp] is a sum of terms proportional to 
ip 3 R d^ for all multi-indices f3 such that |/3| = \a] — 1. Hence we can write 

[d R , K)ti> iR d;] = Kh-^d? - K<Pihdz - i E 0>pMMi)R$ 

X l/3|=|a|-l 

where the terms of the right-hand-side contribute to the first, second and third 
line of (|59p respectively. ■ 



Remark 5.5 For any generalized Dirac operator D = ieV + V, we can write 

V = -d R + s with s e SPS 1 (M,E) L Q 1 (M) R (60) 

globally on M. This property completely characterizes the class of operators V 
without reference to any local coordinate system. 

Example 5.6 We now give another important example of generalized Dirac 
operator related to a choice of torsion- free afhne connection T on M . Such 
a connection is characterized in any local coordinate system over U C M by 
its Christoffel symbols T^-{x), for i,j,k = l,...,n, which are symmetric with 
respect to the lower indices ij. Under a coordinate transformation x l i-> 7(2;*) = 
y l the Christoffel symbols change according to 



In the given coordinate system we define a "covariant derivative" operator acting 
on CS(U,E): 

= W + ( T ^L( PkL ^- + ~ ^ kV)R ) ■ (62) 

Note that it is not quite a derivation on the algebra CS(U,E), because x and 
p do not commute, however its action on the generators x,p,?p,?p is what we 
expect from a covariant derivative: 

vf(.x fe ) = ^, vl( Pj ) = T k jPk , vF(v fc ) = -it^' , v[ = r*^. 

We say that a generalized Dirac operator D = ieV + V is affiliated to the 
connection T is in any coordinate system one has 

V = + s , (63) 

where the remainder s has an expansion of the form 

00 00 

* = i>R ( E ( S aiP*Mp + E + 5 m )L^) (64) 

\a\=2 |a| = l 

for some scalar functions s^, s^ -, s a .; € f2°(J7). Observe that s belongs to 
SPS^C/^l^C/)^ n @q(U). In order to check that this definition makes 
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sense, one has to inspect the transformation law of ^"jjVf under a coordinate 
change 7. Using the symmetry = r* s one has 

We already know that j{ip R £r) = ip' R £r mod SPS^t/, E^Q 1 ^)^ but a 
closer examination of Equation (|56l) 

(5 \ f Ox d dx k — \ / c^?/ 

gives, by means of the expansion (ff^% = Eh=o iz ^j— 5 " (t?)^^? » 

\ 3 ( Ox^ d^y^ \ ( Ox^ O^y^ - -\ 

\ct\= 2 
|a|— 1 

We used the identities + if|rPfc§§i = ffr gfgfei and = ^ - f/^' in 

order to simplify the first line. Since commutators with p are proportional to 
derivations with respect to x, the above expression reads 



7 



where the remainder s' has an expansion of the form (|64[) . In the same way, one 
can show that 



d Pj 

with a remainder s" of the form (IM1) . Hence 7(V , i?Vf ) = F + s j an d using 

a partition of unity we can build a global operator V on M with the wanted 
property. The following proposition, which is an analogue of the Lichnerowicz 
formula, relates the square of the corresponding Dirac operator to the curvature 
tensor of the connection T, whose components in local coordinates are 

dT k f)T k 
Uj ~ ~dx T ~ ~~dx~i im jl ~ jm a ' 
Proposition 5.7 Let D be a Dirac operator affiliated to a torsion-free affine 
connection T on M . In a local coordinate system over an open set U C M, the 
associated generalized Laplacian reads 



-° 2 = Kw& + rtM^»£; + » +v ) 

+£ 2 (\ tyWMR&jLfakLj- + {M 1 )l)+w) (66) 
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where R^- are the components of the curvature tensor, and 

u = (Ml^ + (u k aPk ) L + (u k m ) L (^k) R + (u a ) L )d« 

|a|=2 

OO 

|a|=l 

OO OO 

|a|=2 |a|=l 

w/iere Uai^^u^u^v^w^^w^^Waij 9 fi°(f7) are scalar functions. 

Proof: Since V = one has — D 2 = — ie[V, V] + e 2 V 2 . In a local coordinate 
system V = + s and V = ipkR^ + r with 

00 00 

« = E ( s *iP^ d 2 + E (*Si^fc^' + 

|a|=2 |a| = l 

OO 

r = E( r «)^M?- 

|a|=2 

Hence [V, V] = [^Vf,^ fei j^] + [^Vf,r] + Mfc*^] + [«,r]. Wc compute 
each commutator of the right hand side separately. Firstly, 

One has 



Then 



and 



d d d d 



so that 

d d . - , ,- N 9 
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The first and second term appear in the first line of (|66[) , while the third and 
fourth terms contribute to u and v respectively. We continue with the commu- 
tator h4V[,r]: 



|q|=2 |a|=2 

and 



OO OO 

= E («^m p " + E ((On + MlK q 

M=3 M=2 

for some scalar functions , a^, a a , and 

OO 

|a|=2 

Hence [-0^Vf ,r] can be absorbed inside u + v. Further on, we have 
d °° - d 

oo £) 00 f) 

+ E + E (^)ife-R^.^]^ 

|a|=l ^ |os|=l j 

d 



la =2 



oo £l 00 1 

- E (4^)^; - e Wi^af 

The first and third series of the right-hand-side can be absorbed inside u, 
whereas the second series counts for v. Instead of computing the commu- 
tator [s, r] explicitly, we only need to remark that s <E SPS^f^ n 3>q and 
r e n° L Vect R C\% Y . Then 

[SPSi^,n°Vect fl ] c [SPS^^PS^ + SPS^f^Vectfl] 

c njpsk + spsink 

It follows that [s, r] e (n° L PS° R + SPS^) n % x can be absorbed inside u + v. 
Now we look at 

v 2 = (Vkvf + s) 2 = (VW ) 2 + WW, «] + * 2 ■ 

A routine computation gives 

[Vf, Vj] = (R^) L (p kL ^- + $ k tf) L - (^)fl) ■ 
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Consequently, the Bianchi identity V ,, '^ 7 )fl = implies 

This the leading term in the second line of Then we have 

h*£.4 = <*V>«( £ + 1 + 

|aj=2 |a|=l 

and 

~ oo oo 

^ |q|=2 |q| = 1 

for some scalar functions b k ai ^ , b k a ;i ■ , , and 

oo 
\a\=l 

for some other scalar functions c£ K -. Hence [i/ , | ? Vf,s] can be absorbed inside 
w. Finally one easily checks that s 2 is also of the form w. m 



6 Algebraic JLO formula 

We first recall Connes' definition of periodic cyclic cohomology [2J. Let si be 
a trivially-graded associative C-algebra. Form the unitalized algebra si + = 
si © C, even if si already has a unit. For any k G N* denote by CC k (s/) the 
space of (fc + l)-linear maps x si xk —> C, and CC°(&i) the space of linear 
maps si C. The Hochschild operator 6 : CC fe (^) CC t+1 M is defined 
on a fc-cochain ^ G CC h {sf) by 

6^ fe (a , . . . ,a fe+ i) = E(~ 1 )Vfc( a o^ • • • i a » a H-i> ■ ■ ■ ; Qfc+i) 

i=0 

+ (-l)' £+ Vfc(afc+iao,---,afc) (67) 

for any ao G «e/ + and ai, . . . , a& G .e/. The Connes operator B : CC k {sd} — > 
CC k ~ x {si) reads 

fe-i 

B^ fe (a , . . . , ajfe-i) = E( _1 ) l(fe_J Vfe(a» I • • • j Ofe-i) a o, ■ • ■ , a<-i) ■ (68) 

One checks b 2 = S 2 = bB + Bb = 0. The direct sum CP'(^) = ££t CC fe ( I c/) 
endowed with the boundary operator 6 + B is therefore a ^-graded complex. 
The cohomology HP' (si), of this complex is the periodic cyclic cohomology 
of si. Thus, an even periodic cyclic cocycle over si is a finite collection ip — 
(cpo, if2, . . • , (fi2n) of homogeneous cochains such that 

bip k + Bip k+2 = for < k < 2n , b(p 2n = . (69) 
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An odd periodic cyclic cocycle is a finite collection ip = (<pi,(p3, . . ■ ,<p2n+i) 
verifying analogous relations. 

Example 6.1 (Connes [5]) If M is a compact manifold, any homology class 
[Cfe] G Hk(M,C) represented by a fc-dimensional closed de Rham current C k 
gives rise to a periodic cyclic cohomology class over the commutative algebra 
C°°(M) by setting 

(p k (a ,...,a k ) = —(C k ,a da 1 ...da k ) , Va* G C°°(M) , (70) 

where c k is a normalization factor depending on the parity of k. We choose 
c-2k = l/(27ri) fc and C2k+i = l/(27ri) fc+1 for compatibility with the usual nor- 
malization of characteristic classes in de Rham cohomology. Then one checks 
bip k = = Bip k so that [ip k ] G HP k mod 2 (C°°(Af)) is represented by a homo- 
geneous cochain of degree k. One thus gets a linear map 

H.(M,C) -> HP'{C°°{M)) (71) 

for any compact manifold. In fact, Connes shows that this is an isomorphism 
[2J, provided that cyclic cohomology is defined through continuous cochains 
with respect to the natural locally convex topology of C°°(M). Since we are 
not concerned with analytical issues in this paper, the fact that (|7ip is an 
isomorphism will be irrelevant for us. 

Example 6.2 Consider the non-commutative algebra CS°(M) of formal sym- 
bols of order < on a closed manifold M. The leading symbol gives rise to an 
algebra homomorphism A : CS°(M) — > C°°(S*M) to the commutative algebra 
of functions over the cosphere bundle S*M. Since cyclic cohomology pullbacks 
under homomorphisms, one gets, modulo composition with (|71[) . a canonical 
map 

A* : H.(S*M) -> HP'(CS°(M)) . (72) 

In fact, Wodzicki shows that this is an isomorphism |13j . provided the natural 
locally convex topology of CS°(M)) is taken into account. Again, we will not 
use the fact that A* is an isomorphism. 

Now fix a closed n-dimensional manifold M. We will construct some cyclic 
cocycles over the algebra CS°(M) using Dirac operators as defined in section 
15.11 By construction CL°(M) is an algebra of operators on the space C°°(M). 
We can view CL°(M) as an algebra of operators on the space of sections of 
the vector bundle E — AT^M: indeed its action on the zero- forms C°°(M) = 
fi°(M) can be extended by zero on f2 fc (M), Vfc > 1. Therefore one has a 
canonical homomorphism of CL°(M) into the even part of the Z2-graded algebra 
CL°(M,J5). It descends to an homomorphism tt : CS°(Af) -> CS°(M,E). In a 
local coordinate system we can write 

n(a)(x,p,il),<if>) = a(x,p)H Va G CS°(M) , (73) 

where II = ip\ ip 1 . . . - 0„V' n is the Clifford section corresponding to the projec- 
tion operator from fl* (M) onto fl°(M). Then we can compose tt with the left 
representation of CS°(M, E) as endomorphisms on the vector space CS(M, E). 
This yields an injective homomorphism of algebras 

p : CS°(M) ^ 3>q{M) , p{a) = (aU) L Va G CS°(Af) . (74) 
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We are now ready to introduce the following algebraic version of the JLO cocycle 
[5J. It involves the graded trace on the algebra of trace-class operators ^(M) 
introduced in section H) 

Proposition 6.3 Let D = ieV + V G ^(M) be a generalized Dime operator. 
The homogeneous cochains over the algebra CS°(M) 

<f$(a<j, ...,a k )= [ Tr s (p(a )e- toD2 [D, pia^e^ 2 . . . [ D, p(a k )] e -^ D2 )dt 

(75) 

defined for all k £ 2N, are the components of an even periodic cyclic cocycle 
tp D and vanish whenever k > In, n = dimAf. Moreover, the periodic cyclic 
cohomology class [f D ] £ HP (CS (M)) does not depend on D. 

Proof: The graded trace of a trace-class operator s £ £?(M) vanishes if the 
Clifford part of s is not of heighest weight, that is, if s is not proportional to the 
product (tp 1 . . . %j) n ^}x . . . ■0 n )i(V' 1 ■ • ■ ■ • ■ "0n)i?. in local coordinates. Hence 
in the computation of ip? , we should only retain the terms which bring at least 
n powers of t/>£ (resp. of ^r) and exactly the same powers of ipL (resp. of iJ)r), 
because we have to take into account the possible lowering of powers coming 
from commutators [tA 1 ,^] = 8j. All other combinations of ipL,'4 , L,'4>Ri' , pR Wln 
vanish under the graded trace. In fact the right sector ipR^R wu l be our main 
interest. One has 

[D, p(a)} = ie[V, (aU) L ] + [V, (aIl) L ] . 

The first term brings a factor eipn, whereas the second term brings a factor tpR. 
We define the pseudodifferential order of an operator according to the following 
rule: oj, is of order m for any symbol a € CS m (M, E), the operators ipR^R^e 
are of order 0, while d p is of order —1 and d x of order +1. From these rules 
one sees that the operator ie[V, (oll)i] has order < 0, and [V, (all)i] has order 
< — 1. In the same way we inspect the generalized Laplacian 

—D 2 = -ie[V, V] +e 2 V 2 . 

From the proof of Proposition 15.21 we know that V 2 € SPS^fi 2 ^, hence e 2 V 2 
has pseudodifferential order < 1 and brings a factor e 2 ipu'ipR- Similarly one has 
— ie[V, V] = A + u where A = ie^r^- is the flat Laplacian in local coordinates. 
u has order < and its right sector is proportional to either e^r^r or 1. We 
treat —D 2 as a perturbation of the flat Laplacian. A Duhamel expansion of the 
exponentials exp(— UD 2 ) appearing in the cochain ip D leads to the computation 
of terms like 

Tr s (p(a ) exp(t A) X 1 exp(t x A) ...X k exp(t fe A)) = 

/ (((ao^i^CXx) . . .^ 0+ - +tfc - 1 (X fc ) expA»[n] 

where Xi — e 2 V 2 , or Xi — u, or Xi = ie[V, (ajH) L ], or X t = [V, (^11)^] for 
some aj € CS (M). In order to achieve an exact balance between the powers 
of ipR and i/ifl, we see that the number I of factors [V, (ajlTjL] should equal 
I + 2m, where I is the number of factors ie[V, (a 3 n)i] and m the number of 
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factors e 2 V 2 . The pseudodifferential order of each X$ is not modified by the 
action of the modular group <ta because 

[A XA = k(^— + + d2X * 

1 \dxi dpj dpj dxi dxWp 3 

The contractions (d"d^ exp A) also preserve the pseudodifferential order (d x and 
d p are simultaneously contracted). It follows that the pseudodifferential order of 



■m, 



the symbol ((p(a )a t l(X 1 ) . . . a t °+- +t "-^ (x k ) exp A»[n] is < -l+m = -l- 
and its Wodzicki residue vanishes unless —l — m> —n (n = dimM). The latter 
condition implies I < n — m and I < n + m, so I + I < 2n. This means that 
(f® vanishes whenever it involves more than 2n commutators [D,p(a)], that is, 
whenever k > 2n. 

Hence ip D is a cochain in the periodic complex CP*(CS°(M)). The cocycle 
identity b(p® +Bip^, 2 = then follows from well-known algebraic manipulations 
which we do not need to reproduce here, see [6]. Finally observe that given two 
operators Dq and D\ the linear homotopy 

D = tD x + (1 - t)D , te[0,l], 

is a Dirac operator for all t. It is again a classical result that the cocycles <p D ° 
and ip Dl are related by a transgression formula of JLO type (see for instance 
[5]). One shows as above that the transgressed cochain, in our case, lies in the 
periodic complex. Hence the periodic cyclic cohomology class of <p D does not 
depend on D. m 



Proposition 6.4 Let D = —isdji + V be a de Rham-Dirac operator. Then 
ifQ is the Wodzicki residue on CS°(M), while the other components <pj? vanish 
for k > 0. Hence [<p D ] is the periodic cyclic cohomology class of the Wodzicki 
residue. 

Proof: Let us first look at the commutator [D, p(a)]. Since p(a) = (alT)L belongs 
to the left sector, it commutes with da, so that 

[D,p(a)} = [V,(an) L ] . 

By definition V G £1°(M) iVect(M)^ is proportional to "tpn and not to ipR- Thus 
[D, p(a)} brings a factor ipR. On the other hand, the generalized Laplacian — D 2 
is given by Formula (15^1) . and brings either (ipfyii or 1 in the right sector. This 
means that whenever some commutators [D, p(a)] appear, the graded trace must 
vanish because the ipRS cannot be balanced with the same amount of tpRS. 
Hence (p® — whenever k > 0, and the only remaining component is 

^(o) = Tr s (p(a)exp(- J D 2 )) = Tr s (( a n) L exp(-£ 2 )) . 

We work in local coordinates (x,p) over U C M and suppose that the symbol 
a has x-support contained in U (the general case follows by linearity). Write 
— D 2 = A + s, where A = i£gfr^- is the canonical flat Laplacian, and the 
remainder s is given by Equation f|59[) : 
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for some scalar functions a l a ,b z a j € Q°(U). Our goal is to show that the series 
over the multi- index a do not contribute to . We use a Duhamel expansion 
for exp(— D 2 ): 

oo „ 

V?W = E / Tr s ((an) i ^( S )^+ tl ( S )...ai 0+ - +tfc - 1 ( S )expA)^ 

fc=O t/A * 

Now rewrite the product <r^(s) . . . a^ + " (s) by moving all the derivation 
operators and 9 P to the right, in front of cxp A. The graded trace would 
vanish if the resulting powers of d x and d p are not exactly equal, because it 
involves the contractions (d x d p exp A) . We remark that all the terms in s except 
(^ip^R bring a power of d p strictky higher than the power of d x . However, 
a dp can be absorbed by commutation with p^ when it moves to the right, 
and a d x can appear from <t\(pl) = Pl + t[A,pi] = pl + \std x . A rapid 
inspection shows that an exact balance between d x and d p cannot occur if either 
(i(ai)i& + (<4Pi)i)fi? with \a\ > 2, or (^MV^Mp with \a\ > 1 appears. 
Thus we can keep the only relevant part s{PiL-gp- + (V^VO-fO of s in the product 
~*°(s)...^ + - +tfc - 1 (s), and write 



A 



£(a) = Tr s ((an) L exp (A + ep L ■ d p + e(ip%) R 



(tl> l ipi)ii commutes with A + epL- d p , hence the exponential splits as the product 
of exp(e(?/; I '(/; i )fl;) and exp(A + epL • d p ). Expanding exp(e(ip l 'ijji)ii) in powers of 
e, only the term of order n survives because it involves the product of all i/jrs 
and ipRS, and the higher powers of e are ignored by the graded trace. One finds 

p?(o) = Tr s ((an) L e"(^ 1 ^i...^>„) fl .exp(A + ep L .9 p )) 

= ^tT s (aU)((e n (^ 1 ^ 1 ...^ n ) R exp(A + ep L -d p )))[n} . 

By definition of the graded trace on the Clifford algebra, tr s (all) = a and 
((V^i . . • ^„) R ) = (-l)"tr s (V^i . . . V n ^«) = 1 so that 

Po{a) ^^(exp (A + ep L -d p ))[0\ . 

Then we apply Lemma 14.41 to the matrix R = eld. This yields the formal power 
series in e 

whose coefficient of degree zero is Td(eld)[0] = 1. Therefore <Po(a) is the Wodz- 
icki residue as claimed. ■ 



Theorem 6.5 The periodic cyclic cohomology class of the Wodzicki residue 
vanishes in HP°(CS°(M)) for any closed manifold M . 

Proof: Let T be the Levi-Civita connection associated to a given Riemannian 
metric on M, and let D = ieV + V be a generalized Dirac operator affiliated 
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to T. We will show that all the components of the corresponding cocycle (p D 

vanish. The theorem is then a consequence of Propositions 16.31 and 16.41 

In a local coordinate system V is expressed in terms of the Christoffel symbols 



rjL- of the connection: 



s . 



The remainder s can be expanded in power series of the partial derivative d p , 

oo oo 

s = E (4iP*)z W + E ( S «ii^ j + 'aihtitd? 

|a|=2 l"l=l 

where sj^, s^- and s Q i are scalar functions of x. As in the proof of Proposition 
16.31 we look at the pseudodifFerential order of these operators. The leading part 
ip l R -£-t of V has order +1, the two sub- leading terms have order < 0, while the 
remainder s has order < — 1. We calculate, for any a g CS°(M), 



[ieV, p(a)] = [ieV, (aIl) L ] = i £ (J^n)^ + iefy(x) Pk -^-Il)^ 



We only write the terms of order 0, and ignore the dots of order —1. In the 
same way 

= - d 

V = ipiR- h r 

OPi 

has a leading term of order — 1, and the remainder r of order —2 can be expanded 
as J2'\^\=2( r a)L'4>iRdp for some scalar functions r % a . Hence 

[V, p{a)\ = [V, (aU) L ] = (I^H^ifl + . . . 

is of order —1 and we ignore the dots of order —2. On the other hand, the 
generalized Laplacian —D 2 is given by (1661) . Keeping only the leading terms we 
write 

2 n 

+y W»V)fl(i2ui)£(pw^ + + • • ■ , 

where the dots have the form of the leading terms but involve higher powers of 
the partial derivative d p (hence have strictly lower order) . We proceed as in the 
proof of Proposition 16.31 and consider — D 2 = A + u as a perturbation of the flat 



Laplacian A = ie^r^-- A Duhamel expansion of the exponentials exp(— tiD 2 ) 
appearing in the cochain <p D leads to the computation of terms like 

Tr s (p(a ) exp(i A) X 1 exp(tiA) ...X k exp(t k A)) = 



/< 



((piaoy^Xr) . ..a^ + - +t ^(X k ) ex P A))[ 



??■ 
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where Xi = u or Xi = [D,p(a,j)] for some aj € CS (M). In particular has 
pseudodiffcrcntial order < 0, and this order is not modified by the action of the 
modular group cta because 

rA v . . /dXi d dx t d d 2 x t \ 

Now observe that in the above expressions for — D 2 and [D,p(a)], a factor 
eipR always appears together with a pseudodifferential order < 0, whereas 
a factor ipR always appears together with a pseudodifferential order < — 1. 
The contraction map on the odd variables tpR,ipR selects the only part of 
er^(Xi) . ..<7^ + - + * fc - 1 (X fe ) containing the product (V- 1 . .. ip n ip„ ■ This 
part has order < — n. Moreover, the dots in the above expressions for — D 2 and 
[D, p(a)] contribute to an order < —n. A crucial consequence is that we only 
need to keep the leading terms of all quantities and ignore the dots because the 
Wodzicki residue vanishes on symbols of order < — n (recall that the contrac- 
tions (d"d^ exp A) do not affect the pseudodifferential order). Another crucial 
consequence is that all the derivatives dXi/dxi appearing in the action of the 
modular group can be neglected, because these terms also contribute to an over- 
all order < —n. Hence all functions of the variable x behave like constants. This 
drastically simplifies the computation of tp D . One has 

iPk(ao, • • • ,flfe) = 

/ Tr s (p(a )a% 2 ([£>, p( ai )]) . . . a^"^" 1 ([£>, p(a k )}) exp(-D 2 ))dt 

If we localize the supports of the symbols at around a point x € U and choose 
a coordinate system in which T^(xo) = 0, we can write 

[Ap(a>] - K£n) L ^ + (^n) L ^, 

-D 2 c A+y(^) fl (^ j )i(p*i^ + (^ , U) 

because we only keep the leading terms and ignore the x-derivatives of , 

hence Y k - ~ r^(x ) = 0. For notational simplicity set R k = ^{R^L^i'^R 
and recall that it behaves like a constant with respect to x. The generator of 
the modular group is the commutator with — D 2 . Its iterated actions on 

X = [D, p{a)\ read 

-[D 2 ,X] * [A + Rfp^X] * g (ieA 

i dX ( d r \ 

Observe that the term (Rf^i'kip^L multiplied by p(a) = (all)x, vanishes, be- 
cause Ri^h^Yi = Ri t j{S l k — ^V'fe)!! = RfojH, and since T is by hypothesis a 
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Riemannian connection, - = 0. More generally 



^ A; 
00 j-k ^ 

- x + E E ^(*)(k0x +pl • #r 

fe=l ' |q| = 1 

where a is a multi-index and P a {X) is a linear combination of the partial p- 
derivatives of X. Since we drop the x-derivatives, the operator (ied x + pl • R) a 
commutes with all operators under the graded trace so it can be moved to the 
right in front of exp(— D 2 ). Moreover p(a) brings a factor Hl and we know that 
Rf^-tpkfp 1 ^ = 0, so we may replace everywhere — D 2 by A + pl ■ R ■ d p . Then 
identities (BUI) lead to 

Ti s (p(a )a% 2 ([D,p(a 1 )}) . . . <ri°+r + ^[A /«]) exp(A + Pi • R ■ d p )) 

= f «pOo)[A p(ax)] ...[D, p{a k )] exp(A +p L -R- dp))) [n] 

The integral over (to,...,tk) <E Afc simply brings a factor 1/kl. Lemma 14.41 
applied to the matrix then gives 

¥£(00, ... , a k ) = ((p(a )[D, p( ai )] ...[D, p(a k )]Td(R) exp A)) [n] . 

We have to select the coefficient of e n in this expression, e always comes with 
a factor ipR and the graded trace on the Clifford algebra selects the only poly- 
nomial (tp . . . i\i n ^} n . . . ^i)r, hence the variables ipu and ipu behave as if they 
anticommute. We make the identification with differential forms etp l R -H- dx l 
and dpi — T^p^dx^ over T*U, which is consistent with the action of a 

coordinate change. Locally in our coordinate system one has T^- ~ so that 

[D,p(a)] o (i^dx* + ^dp)li , £ ^R%0^) R l -R k U] dx l A daP = R* . 

To be more precise, if we multiply the bracket by the volume form of the cotan- 
gent bundle w"/n! = dpiAdx 1 . . . dp n /\dx n , and compare it to the normalization 
condition (('ipiip 1 . . . 4> n 4> n )R) — ( — one finds the equality of 2n-forms over 
T*U (the subscript vo i denotes the top-component of a differential form) 

((p(a Q )[D, p(ai)} ...[£>, p(a k )]Td(R) exp A)) [n] = 

(-l) n i fe ~™ (a dai . . . da fc Td(i?)Il) vol + terms of order < -n 

The first term of the right-hand-side is a scalar symbol of order < —n, times the 
volume form. We claim that this symbol in fact has order < —n. Indeed the 
product aodai . . . da k brings n partial derivatives with respect to the variables 
(pi, . . .p n ). Writing its leading symbol in polar coordinates ■ ■ ■ ,9 n -i), 

one sees that is is proportional to times a partial derivative gfer- The 

latter has order < —2. Hence the Wodzicki residue vanishes. ■ 
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We now deal with the Radul cocycle. Let q G CS 1 (M) be a symbol of order 
one, with positive and invertible leading symbol. The logarithm log q is no longer 
classical, but belongs to the larger class of log-polyhomogeneous symbols: its 
asymptotic expansion in a local coordinate system (x,p) reads 

(\ogq)(x,p) = \og\\p\\ +q' (x,p) (76) 

where q' G CS°(M) is a classical symbol of order < 0. It is easy to check that the 
commutator (for the ^-product) of logg with any classical symbol a € CS m (M) 
is in CS m ~ 1 (M). In fact [\ogq, a] has an expansion 

oo 

[logq,a]=^-(-l) fc -V fc )q- fc (77) 
k=\ 

where aW e CS m (M) denotes the fc-th power of the derivation [q, ] on a. Thus 
[logg r , ] is an outer derivation on the algebra of classical symbols CS(M). The 
Radul cocycle [H] is the bilinear map c : CS(M) x CS(Af) C defined by 
means of the Wodzicki residue 

e(a ,ai) = j a [\ogq,a{\ , Va, G CS(M) . (78) 

The expansion (|77p shows that the Wodzicki residue vanishes on commutators 
[logq, a] for any classical symbol a. Hence the Wodzicki residue is trace on 
CS(Af) which is closed with respect to the derivation [logq, ]. Elementary 
algebraic manipulations show the antisymetry property c(ao,ai) = — c(ai,ao). 
Moreover the Hochschild coboundary of c is 

bc(a Q , ai,a 2 ) — c(a ai,a 2 ) — c(a , aia 2 ) + c(a 2 a , ai) = 

for all ai € CS(M). Thus c is a cyclic one-cocycle. Originally c was introduced 
as a two-cocycle over the Lie algebra CS(M), with commutator as Lie bracket, 
but the cyclic cocycle property is actually stronger. From now on we view c as 
a cyclic one-cocycle over the subalgebra CS°(M) C CS(M) of symbols of order 
< 0. 

Then we extend the commutator [log q, ] to a derivation on the algebra Jzf (M) C 
End(CS(M, E)) as follows. Recall that :Sf(M) is generated by left multiplica- 
tions cll for all symbols a £ CS(M, E), and right multiplications for all 
polynomial symbols b e PS(M,E). Then extend q G CS X (M) to an elliptic 
positive symbol q £ CS 1 (M,E) of scalar type and set 

S{a L b R ) = ([logq,a]) L b R V a G CS(Af,^) , & G PS(M,S) . (79) 

Since the left representation a i— > ol is faithful, <5 : «Sf (A/) — >• jSf (M) is well- 
defined. It is clearly a derivation. In an obvious fashion we extend it to a deriva- 
tion, still denoted S, on the algebra of formal power series S^{M) = j£?(M)[[e]] 
by setting Se = 0. It has good properties with respect to the subspaces @™{M). 
Indeed in a local coordinate system over U C M , one has 

5(d p ) = i^Zfl-Zi) = -i([logg,z])£ G CS- x (l7,£0i 

= iS(p L -p R ) = i(pog§,p])i GCS ((7,i?) L (80) 
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and also S(CS m (M,E) L ) C CS m_1 (M, E) L for all m € K. This shows that 
8{@^{M)) C ^>™~ 1/2 (Af) for all m e R and fc e N. If A e ^ /2 (M) is a 
generalized Laplacian, one has 

£exp(A) = f e tA SAe^ A dt = [ 0^(6 A) exp(A) dt 
Jo Jo 

hence 5 restricts to a derivation on the ^(M)-bimodule 3F(ls£) of trace-class 
operators. The analogue of expansion (|77|) for S shows that the graded trace 
Tr s : &(M) C is (5-closed. 

Proposition 6.6 Let D € & (M) be a generalized Dirac operator and S the 
derivation associated to an elliptic positive symbol q € CS 1 (M, £7). The homo- 
geneous cochains over the algebra CS°(M) 

D.S, \ 

' (00, ■ ■ • , a k ) = 
k 

]T(-ir +1 / Tr s (p(a )e~ toD2 [D, p( ai )]e- tlD ' . . . Sp^e-^ ...[£>, p(o fc )] e -* 
i=i • 7A fc 
fc+i r 

+ / Tr s (p(a )e-* oD2 [-D, pM^^ 2 . . . SDe^ ...[D, p{a k )]e-^ D 

i=l J&k+I 

defined for all k £ 2N + 1, are the components of an odd periodic cyclic cocycle 
ip D -' 5 and vanish whenever k > 2n+l, n = dimAf. Moreover, the periodic cyclic 
cohomology class [f D ' S ] & HP 1 (CS°(M)) does not depend on D nor q. 

Proof: Analogous to Proposition 16.31 Details are left to the reader. ■ 



Proposition 6.7 Let D = —iedu + V be a de Rham-Dirac operator. Then the 
first component (p^' S — c is the Radul cocycle on CS°(M), while the other com- 
ponents if?' vanish for k > 1. Hence [<p D ' S ] is the periodic cyclic cohomology 
class of [c] . 

Proof: We proceed as in Proposition ^. 41 The commutator [D, p(a)] only brings 
^jr which cannot be balanced by ipn, hence cp?' vanishes whenever k > 1. The 
only non-zero component is 

^f' 5 (a , ai ) = f\r s (p(a )e- tD2 Sp(a 1 )e^ D2 )dt . 
Jo 

Observe that 

j t Tr s (p(ao)e- tD2 5p( ai )e^ D2 ) = -Tr^Me"" 3 * [D\ 5p( ai )]e^ D2 ) . 

The identity [D 2 ,5p(ai)] = D[D,8p{a 1 )] + [D, 8p{a 1 )]D and the graded trace 
property yield 

-Tv s (p(a a )e- tD2 [D 2 , 8p{ai)]e^ D2 ) = Tr s ([£>, p(a )] e - tD2 [D, Sp( ai )]e^ D2 ) 
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This quantity vanishes because the commutators [D,p(a)] are proportional to 
ij)R. Hence Tr s (p(ao)e~ tD ' ' 5p(a\)e^ 1 ^ D ) does not depend on t and we can 
rewrite the integral <Pi' S in terms of its integrand at t = 0: 

tfi ,5 (a ,ai) = Tr s (p(a )dp(ai)e~ D ) = Tr s ((a [log<?, ai]JX) L e' D ) . 
The computation is now completely analogous to Proposition 16.41 and one finds 



ipi' s (ao,ai) = + a [lagq,ai\ 



as claimed. 



Choose an affine torsion-free connection on the tangent bundle TM, and 
let R e ft 2 (M,End(TAf)) be its curvature two-form. The Todd class of the 
complexified tangent bundle Td(TcM) £ H m (M,C) is the cohomology class of 
even degree represented by the closed differential form 

Td(ii?/2 7 r) = dct (-^y) , (82) 

where the determinant acts on the sections of the endomorphism bundle of TcM. 

Theorem 6.8 Let M be a closed manifold. The periodic cyclic cohomology 
classof[c^eHP\CS°(M))is 

[c] = X*([S*M] n 7r*Td(T c M)) , (83) 

where X* is the pullback J7ifl induced by the leading symbol homomorphism, 
Td(TcJVf) G H'(M,C) is the Todd class of the complexified tangent bundle, and 
7r : S*M — > M is the cosphere bundle endowed with its canonical orientation 
and fundamental class [S*M] € H.(S* M). 

Proof: We apply verbatim the proof of Theorem 16.51 We can replace the com- 
mutator [D,p(a)] by ie^J^n)/,^. + (§^^1) L^PiR in a local coordinate system, 

and consider i?f = %-(iif i -)i-('0 , V , ' 7 ')i? as independent of x. Then 



D,S, \ 

tp k ■ (ao, ...,a k ) 

k 



E / ((p( a o)[D, p{ax)] • • • Sp( ai ) ...[D, p(a k )]Td(R) exp A)) [n] 

l — l 

+ E j ((P^ ' P^ ■■■tD...[D, p(a k )}Td(R) exp A)) [n] 

i—l 

The first term of the right-hand-side vanishes. Indeed, the bracket selects 
the polynomial (ip\ . . .iprijR which brings n derivatives with respect to p, and 
Sp(a) — ([logq, a]n)i is of order —I. Hence the symbol under the Wodzicki 
residue has order < — n and disappears. We are left with the second term in- 
volving 5D. Recall that (Yog q)(x,p) = log||p|| + q' (x,p) where q' is a classical 
symbol of order < 0. At leading order one has 



SD = -ie 
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where p % = 5 l3 pj. The leading term proportional to tpu (resp. ipn) is of order 

< (resp. < —1), and the dots proportional to ipR (resp. -0^) are of order 

< (resp. < —1). The bracket under the residue is expressed by means of 
differential forms: 



((p(a )[D, p(ai)] ...5D...[D, p(a k )]Td(R) exp A)) [n 



U)" 



-(-l) n i k+1 - n (a Q d ai . . . (dq' Q + ) . . . da k Td{R)U 



p\\ 2 J ' ' /vol 

The leading part is a symbol of order < —n, while the dots of order < — n are 
killed by the Wodzicki residue. One shows as in the proof of 16. 51 that the term 
aodai . . . dq' . . . da k is also killed. Hence the only remaining term is proportional 
to p l dpi/\\p\\ 2 . At leading order we can view ao, . . . ,a k as scalar functions over 
the cosphere bundle. Since tr s (II) = 1 the residue becomes the integral of a 
(2n — l)-form (remark that it is globally defined) 

d,s, \ _ (-l)"!^ 1 -" f (p*d Pl 



s k -\a Q , ...,a k ) = (2 ^ )rafc , l(L) ■ A a d ai . . . cb fe Td(i?)) 

/ aoda-L . . . da k Td(R) 

JS*M 



where L — Pi^r is the fundamental vector field on T*M. The dimension of 
S*M equals 2n — 1 and the parity of the cochain is actually odd, so one gets 

V>2k+l ( a o, • ■ • , a 2 fc+i) = (2m)fc+i(2fc + 1)! j s , M ° odai ' ' ' d °2fe+i Td ( ii? / 27r ) 

for any k € N. This is precisely the pullback, under the morphism A, of the 
degree 2k + 1 component of the de Rham cycle [S*M] n Td(ii?/27r). ■ 



7 At iyah- Singer index theorem 

An immediate corollary of Theorem 16.81 is the Atiyah-Singer index theorem, 
which computes the index of an elliptic pseudodifferential operator on a closed 
manifold M, in terms of local data. We consider the algebra CL°(M) of scalar 
pseudodifferential operators of order < as an extension of the algebra CS (M) 
of formal symbols, with kernel the algebra of smoothing operators: 

(E) : -> L -0O (M) -> CL°(M) -> CS°(M) -> . (84) 

An operator Q € CL° (M) is elliptic if and only if its leading symbol is invertible, 
or equivalently, if its formal symbol is invertible in CS°(M). Thus Q has a 
parametrix P € CL°(M) which is an inverse modulo smoothing operators, that 
is PQ — 1 and QP — f are in L~°°(M). The obstruction of perturbing Q to 
an exactly invertible operator in CL°(M) is measured by the index map of the 
extension (E) in algebraic X-theory 

Ind B : Ki(CS°(M)) -> K Q {L-°°(M)) S Z (85) 
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cf. [7J. Indeed the formal symbol of Q is invertible hence defines a class [Q] in 
the algebraic if -theory group Ki(CS (M)), and its image under the map (|55|) 
coincides with the Fredholm index of Q as a bounded operator on L 2 (M). In 
[TU] we presented a general procedure allowing to compute local index formulas 
associated to extensions. In the simple case of pscudodiffcrcntial operators on 
a closed manifold, the calculation of the index reduces to the Radul cocycle 
evaluated on Q and its parametrix (more precisely, on their formal symbols): 

Ind B ([Q]) = c(P, Q) . (86) 

In terms of Connes' pairing between if -theory and cyclic cohomology [2], the 
above formula is precisely the pairing of [Q] £ ifi(CS°(M)) with the cyclic 
cohomology class [c] £ HP 1 (CS°(M)). Since by Theorem 16.81 this class is a 
pullback under the leading symbol map A : CS°(M) -> C°°(S*M), we are able 
to express the index of Q in terms of its leading symbol which is an invertible 
function g £ C°°(S*M). This is not surprising because the algebra CS°(M) is 
a pro-nilpotent extension of C°°(S*M), and this implies an isomorphism of the 
algebraic if -theory groups K 1 (CS°(M)) = Ki(C°°{S*M)). In fact one has a 
diagram of extensions 

*~ lr°°(M) CL°(M) CS°(Ai) s- 



>■ CL _1 (M) ^ CL°(M) s- C°°(S*M) ^ 

The vertical arrows are isomorphisms both at the if-theoretic and periodic 
cyclic cohomology levels. Thus the index map of (E) should really be viewed 
as a map 

Ind B : Ki(C°° (S* M)) -> Z , (87) 

sending the leading symbol class [g] £ K\(C°° (S* M)) to the Fredholm index 
of Q. Of course, everything extends to pseudodifferential operators acting on 
the sections of a (trivially graded) complex vector bundle over M, the leading 
symbols being matrix-valued functions over S* M . In order to state the index 
formula we need to recall that any class [g] £ K\{C°° (S* M)), represented by an 
invertible matrix- valued function g, has a Chern character in the cohomology 
H'(S*M,C) of odd degree represented by the closed differential form 

w x k\ ({q- 1 dg) 2k+1 \ , , 

ch to) = E^+i)iK )• (88) 

Corollary 7.1 (Index theorem) Let Q be an elliptic pseudodifferential oper- 
ator of order < acting on the sections of a trivially graded vector bundle over 
M, with leading symbol class [g] G Ki{C°° {S* M)) . Then the Fredholm index of 
Q is the integer 

Ind(Q) = ([S*M],ir*Td(T c M) U ch([.g])> . (89) 

Proof: If if = {<pi,<p3, . . . , ifi2n~i) is an odd (b + _B)-cocycle over CS°(M), its 
pairing with the if -theory class [Q] £ ifi(CS°(M)) reads ([3]) 

{[<p], [Q]) - E(- 1 )" fc! (^fc+l ® tr )( p ' Q,~-,P>Q) 

fe>0 
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where, strictly speaking, Q and its parametrix P should be replaced by their 
formal symbols. If tp is the pullback of an odd homology class [C] <E H m (S*M, C) 
under the leading symbol map A, the above formula factors through the leading 
symbols g = X(Q) and g^ 1 = A(P). Using the identity dg^ 1 = —g~ 1 dgg~ 1 one 
gets 

M [Q]> = ^ (^pjiTT)! (C^Mg-'dgidg^dgf)) = ([C),ch([g])) . 

Applying this formula to the periodic cyclic cohomology class of c given by The- 
orem [1T8] gives the desired formula for Ind(Q) = ([c], [Q])- ■ 
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